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Full-Wave Analysis of Aperture-Coupled
Microstrip Lines
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Abstract —Two methods are presented for the analysis of
aperture-coupled microstrip lines. Assuming a quasi-TEM trav-
eling wave incident on the feeding line, an expression for the
wave on the coupled line is derived. First, the moment method is
used and the current on the coupled line is represented by a
traveling wave propagating away from the slot. In the second
method, the reciprocity theorem is applied to the coupled line.
An equivalent circuit is derived and the S parameters are
computed. Theoretical results are verified with measurements.

I. INTRODUCTION

HIS paper presents a full-wave analysis and an equiv-

alent circuit for the problem of two parallel mi-
crostrip lines on parallel substrates coupled by a small
rectangular slot in the common ground plane [1]. In the
most general case, this circuit can be represented as a
four-port network as shown in Fig. 1. In operation, an
input signal applied to port 1 is partially coupled to the
top microstrip line, and this coupled power divides equally
between ports 3 and 4, with a 180° phase shift. The
remainder of the input goes out the through line of port
2. By terminating one or two of the microstrip lines with
stubs, the four-port network can be reduced to a three-
port or a two-port coupler. By proper design, these cir-
cuits can be made to couple all of the input power to the
output port (or ports) on the top substrate. If more than
one coupling aperture is used, directionality between the
output ports can be obtained.

The two-, three-, and four-port forms of this circuit find
application in a variety of systems that require power
division or coupling circuits in planar form, including
planar antenna feed networks and noncontacting RF in-
terconnects between multilayer integrated circuits. The
180° phase shift between the outputs of ports 3 and 4 can
be useful in balanced mixer circuits, and in some types of
antenna feed networks (e.g., a sequentially phased feed
for circular polarization). In fact, ports 3 and 4 have a
perfect equal-amplitude, opposite-polarity property over a
very wide bandwidth owing to the nature of the slot feed.

To date, there has been little analysis on this problem,
although related problems have been treated. These in-
clude the use of aperture coupling between a rectangular
waveguide and a microstrip line or a stripline [2], [3] and a
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Fig. 1. Aperture-coupled microstrip lines.

resonant cavity aperture coupled to a microstrip line [4].
In [5], a full-wave analysis of an aperture-coupled mi-
crostrip antenna was given; the present work is an exten-
sion of [5].

In this paper, the four-port geometry in Fig. 2 is ana-
lyzed using two methods. In both methods, the reciprocity
technique developed in [5] is used to find the reflected
and transmitted waves on the feed line in terms of the
coupling slot field; the slot field is represented in terms of
a single piecewise-sinusoid (PWS) mode with an unknown
voltage amplitude. In what we refer to as the moment
method solution, the unknown current on the coupled
line is expanded in terms of a traveling wave mode, and
the electric field integral equation is invoked to determine
the amplitude of this current and the unknown slot mode
amplitude. In the method we refer to as the reciprocity
solution, we apply reciprocity to the coupled line in the
same way as was done for the feed line, to obtain an
equation for the unknown modal fields of the coupled
line in terms of the slot field. In both cases, continuity of
the tangential magnetic field in the aperture is enforced.
Numerical results from these two methods are virtually
identical, but the reciprocity method is computationally
more efficient. Both models account for power loss by
radiation from the slot, which should be negligible in a
practical design.

As shown in Fig. 2, the geometry of this problem
consists of two back-to-back parallel microstrip lines. The
feed substrate has a dielectric constant of e, and a
thickness dy; the width of the feed line is w;. The top
substrate has a dielectric constant of €, and a thickness
d.; the width of the coupled line is w.. The coupling slot
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Fig. 2. The geometry of two aperture-coupled microstrip lines.

is oriented perpendicular to the microstrip lines, and has
a length L and a width W, Section II describes the theory
of the moment method solution and the reciprocity
method solution. Section III discusses the two methods
and presents an equivalent circuit. An example comparing
calculated results with measured data is given.

II. ANALYSIS
A. Moment Method Solution

This analysis follows the method and assumptions of
[5], and the basic relationships relevant to the case stud-
ied here are brought without derivation (the letter f will
be used for quantities related to the feed line and the
letter ¢ will denote quantities related to the coupled line).
The microstrip lines are assumed to be infinitely long and
propagating quasi-TEM waves with a normalized trans-
verse modal magnetic field given by [5]

H=h,y+h,z. (1)

The modal reflection (R) and transmission (T) coeffi-

cients on the feeding line are, from [5],

VO
S11=R=_7Avf (2)
Sy~T—1-R (3)

The electric field in the slot is assumed to be of a
piecewise-sinusoidal form with amplitude V:

B = B =Vyeld (4)

where
sink,(L/2—|x])
e = Wsink, L /2
0 _ elsewhere -

lxl <L/2,lyl<W /2 (5)

In (5) k,=kg/e is the effective wavenumber of the
PWS mode, with e chosen as the average of the two
substrate dielectric constants. As with [5, eq. (11)], Av, is
the reaction between the slot field and the feeding line,
representing the voltage discontinuity across the slot, and
is given by

Avfsze;(x,y)hf(x,y) dxdy (6)

where s, is the aperture (slot) area. In: the slot at z =0,
the tangential magnetic field is continuous:

Hy+ Hj* = Hf+ H}/ (7)

where

H;  is the tangential magnetic field caused by the
coupled line at x =07, z=07" in the absence of
the slot;

Hj¢ is the tangential magnetic field from the slot for
z=0%;

Hf is the tangential magnetic field arising from the
feeding line at x =07, z=0" in the absence of
the slot;

H;’f is the tangential magnetic field caused by the slot

for z=0".

The magnetic fields in (7) are obtained using the appro-
priate Green functions [5] for a grounded dielectric slab
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and the equivalent magnetic currents created by the fields
in the slot. Thus,

w, /2
/ f G J(x,¥3%q,y0) 5 dsg (8)
Hj = f/ GIMe(x,y; %0, yo) M€ ds, (9)
Sﬂ
H/=(1-R)h] (10)
H“f—ffGHM“f(x,y;xo,yO)Mffdso (11)
where

M =~ Vyes(x,y) (12)

is the magnetic current for z =07,
Mi=-MY  forz=0" (13)

and J{ is the current induced on the coupled line. Multi-
plying (7) by e? and integrating over s,, we get

VO(Y;zf + Yac)

=(1-R)Av,
+fff " Gty o) et dsds (19
where

o= g [ e [] Gy b sy (150)

Y, =-— % {ufe; [[ GHM(x,y; X0, yo) M ds, ds.
(15b)

Y,, is the slot admittance looking at the top substrate
(z>0), and Y,, is the slot admittance looking at the
bottom substrate (z < 0).

At this point, we need another equation to solve for J{
in (14), which can be obtained from the boundary condi-
tion imposed on the clectric field. Enforcing E,,, =0 on
the coupled line, we obtain an integral equation relating
the equivalent magnetic current source M; and the elec-
tric current density J{ induced on the coupled line:

ff Gf;fc(x,y;yo).]f ds
Se

+f/GgMC(x,y;xo,yO)Mdes():O. (16)
S

This equation is valid for all x,|yl <w,. Assuming that
the dominant mode is of a quasi-TEM form, the current
on the coupled line can be expanded as an entire-domain
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traveling-wave mode:

Ti(x,y) =L f = (x) f(y) (17)
_Je P x>0
ftrav(x)ﬂ{e_wﬁx x<0 (183)
— yl<w, /2
fumf(y) = We g " / (18b)
0 lIyl>w,. /2.

This mode is based on the line modal field and is also
dictated by the continuity of H, at x = 0 and the disconti-
nuity of E_ at x = 0; thus it accounts for traveling waves
propagating on the coupled line away from the slot. This
result leads to the property of perfect antisymmetry (equal
magnitude, opposite polarity) of the outcoming coupled
signals over a wide bandwidth. In the region of the slot
discontinuity, however, we might expect the need for
some decaying current modes to represent reactive energy
near the slot. As for any discontinuity, one would expect
the excitation of additional currents besides the dominant
mode current. The requirement for such non-TEM cur-
rent modes was tested by using subsectional PWS modes,
which resulted in a change of less than 10% in the
equivalent admittance. This result implies that the trans-
verse nature of the slot discontinuity does not lead to a
significant excitation of non-TEM currents on the lines. If
we assume only one expansion mode of the form given by
(17), then (16) can be solved in a least-mean-square sense
by testing with a PWS mode. The testing function used is

sink(h—ls)
fa(x)={"sink,h el < (192)
0 elsewhere
—  yl<w,/2
fa(y) =1 ¥ (19b)
0 lyl>w./2

where 2/ is the PWS mode length. Then (16) reduces to
I f [ GE fafetfitidso—=V, |, / GEMCL f3fif ! dsy =0

(20)
If we define

f f GEMC(kx,ky)

F3(k,) Fp (k) FF' (k) EF' (k) dk, dk, (21)
2= [ ek k) iR

F(k)EF (k) EF (k) dk, d, (22)

where

f,(y) slot field (magnetic current) y variation (PWS)
(eq. (5);

f2(x) slot field (magnetic current) x variation (uni-
form) (eq. (5));

flf(x) testing mode x variation (PWS) (eq. (19.2));
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fi(y) testing mode y variation (uniform) (eq. (19.b));.

fi(x) coupled line current x variation (traveling wave)
(eq. (18.2));

fi(y) coupled line current y variation (uniform) (eq.
(18b));

and 15; is the Fourier transform of f;, etc., then (20)
reduces to

ZI, + VyN* = 0. (23)
Finally, the current coefficient is
I,=—~V,—. 24
V=~V (24)
We now define
® [(We/2 ~HF
N¢= Gy (x,y5%0,Y
{f f—wf— A %)
*Foear(%) Fumie(y) €5 dsg ds. (25)
Since by reciprocity [5],
GHI(x,y;%0,¥0) = = GEM(x,¥; %0, 0),
(25) becomes
® rw, /2
Neé=— ¢ GxEM X, ¥5Xg,Y
gfwf—wc/z 3 o)
.ftrav(x)funif( y)e.f: dSO ds. (26)
Using (14) and (25) in (20) gives
Vo(Yas +Y,.) = (1- R)Av, — I,N*. (27)

If we define an equivalent admittance, Y, as seen by the
feed line,

Y = NV (28)
¢ Z
then (27) becomes
VoY + Yo )= (1= R)Av, ~VoY.. (29
We can define a total equivalent admittance as
Yior=Yop + Yo + 1o (30)

Using (2) in (29) we obtain an expression for ¥, and the
other parameters characterizing the circuit:

-—2Avf
Vy=-——"""" (31)

O 2Y,, + Av?

R=-204 Avj 32
R A VT (32

The power outpﬁt at port 3 (or 4) is
P3=|I3|220c=|10|2200 (33)

and since the input power at port 1 is assumed to be 1 W
[5], the coupling factor, C, (the power ratio between port
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Fig. 3. The equivalent circuit of two aperture-coupled microstrip lines.
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B. Solution Using Reciprogity for the Coupled Line

The reciprocity theorem was used in [5] to obtain a
relationship between R, T, and V), for the feeding line of
a microstrip fed slot. In a similar manner we can obtain a
relationship between the coupled line magnetic modal
field amplitude and V.

In order to apply reciprocity we choose two sets of
fields, both of which satisfy Maxwell’s equations and the
boundary conditions in the region of interest. The bound-
ary conditions applied in the plane x =0 suggest the
following: ‘

Set 1—The total field of the coupled line:

ne{ie 0 w50 @
where
E*=+ee¥ P H*=he™’*.  (36)
Set 2—The coupled line modal fields:
Ej =ee 7P H} = he /P* (37)

where e and h are the normalized modal fields of the top
line subject to the normalization

It

y=—ovz=

o0 Lol

hXxedydz =1. (38)
0
Applying reciprocity for the coupled line and following
the same procedure that was used in [5] for the feeding
line, we obtain an expression for the amplitude of the
field on the coupled line:
VO
A=—~—Ay, (39)
2
where Auv, is given by an expression similar to that for Av,
in (6) for the feeding line:

Av, = f/eﬁ(x,y)hcy(x,y)dxdy. (40)

The field for the coupled line is expressed in terms of the
coupled line modal fields (using the same normalization
as for the feeding line). Thus, the power carried by the
coupled line is 4% However, A4 is not the ratio between
the amplitudes of the total fields on the coupled and field
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Fig. 4. Measured and calculated § parameters [dB] for two aperture-coupled microstrip lines. w, = wy =0.254 cm,
€, =€,=222,d.~d;=00762 cm, L=15cm, W=0.11 cm: (a) Sy, (b) S,, (0) S5;.

lines (unless the lines are identical), since the modal fields
e and A are different for different lines.
The tangential magnetic field is continuous in the slot:

HYC+H;C=H;+ H;f (41)
with
H+H = /[ GEM(x,y:%0,yo) M3 dsy+ ARS(x,y)
Sﬂ

(42a)
Hf+ H = [[ G5 (x, v:%0, %0)
sa
"M dsy +(1—R)hi(x,y) (42b)

where M2 and M¢/ are defined in (12) and (13) respec-
tively. Multiplying (41) by eZ and integrating over s, gives

Vo(Yar+ Y, ) =(1— R)Av, + AAv, (43)

where Y, and Y, are given in (15). Using (39) and (43) to
solve for V| gives

Vo= =+ 3 44
O 2Y,+ AvE+ Ap? (49

(},e=1/zlf+Yzzc)'

c

Then, using this result in (2), (3), and (39), we obtain the
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following expressions:

R--204 Avf 45
T T v a A (45)
1R let AV 46
B 2Y,+ Av? + Av? (46)

Vs AvpAv,
A=—L2Ap, =Tt 47
7 e 2Y, + Av? + Av} (47)

Finally the coupling coefficient S, is
Zof

S =4 Z_(]C =‘/Cp (48)

where Z,, and Z,. are the characteristic impedances of
the feed and coupled lines, respectively.

III. DiscussioN

Following the formulation in [5], the problem consists
in solving for four unknowns:

DR the reflection coefficient on the feeding
line;

2T the transmission coefficient on the feed-
ing line;

3V, the amplitude of the electric field in the
slot;

4) C,or A the excitation of the coupled line.

In addition, the moment method solves for the current on
the coupled line, while the reciprocity method finds the
magnetic field on the coupled line. In the first method,
the boundary condition E,,, =0 is enforced on the cou-
pled line; the current is represented by one mode (18)
and its amplitude is found in terms of V,, by solving the
moment method equation (16). In the second method, the
reciprocity theorem is applied to the coupled line relating
the amplitude of the magnetic field on the coupled line to
V, (39). The two methods given very similar results.

It appears that the use of only a TEM mode in the
moment method could lead to some error if in reality
some other (non-TEM) modes are excited. For this partic-
ular geometry, however, this does not happen. Intuitively,
the slot field, being parallel to the transmission line axis,
creates a reflected wave which is the traveling mode used.
This is the case even for lines of different widths provided
the ratio w, /w, is smaller than the ratio L /W. If the
slot were oriented obliquely with respect to the couple
line, or the lines were not parallel, additional modes
would probably be needed in order to obtain good results,
and in this case the reciprocity method would probably be
less accurate. However, the reciprocity method is compu-
tationally more efficient: the CPU time required is about
60% less than that needed by the moment method. On a
Cyber 850 computer, the solution based on the moment
method required 117 s, while the solution based on the
reciprocity method required only 47 s.
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The equivalent circuit (see derivation in the Appendix)
is shown in Fig. 3. As shown in [5], the slot discontinuity
appears as a series impedance to the microstrip line. That
means that the feed line as well as the coupled line has a
series element accounting for the slot. The coupling effect
between the two lines suggests the need for an ideal
transformer. For example, the case in which the two lines
are identical would correspond to a turns ratio equal to 1;
the magnetic ficld created by the slot as a result of the
incident wave on the feed line would be identical on the
two lines.

A four-port coupler was built and tested to verify the
theory. Fig. 4 shows a comparison between the measured
S parameters and those computed using the moment
method. The two substrates were fabricated with two
separate ground planes; this might explain the ripples
appearing in the measured data if the two ground planes
were not in perfect contact. The surface mount connec-
tors used could also account for some deviation between
the theoretical and experimental results, especially for
Si;- The values obtained using the reciprocity method
agreed to within 0.1 dB.

IV. Concrusion

Two methods have been presented for the analysis of
two parallel aperture-coupled microstrip lines. Both the
moment method and the reciprocity method make use of
the exact Green functions and produce results that are in
very close agreement. A four-port coupler has been built
and tested to verify the theory. An equivalent circuit,
which should aid in the design of practical coupled line
circuits, has been developed.

APPENDIX

The induction of current on the coupled line suggests
the use of an ideal transformer to couple the two lines.
From the case of a microstrip line fed slot we infer the
presence of two normalized admittances, ¥; and Y, (see
Fig. 3). These admittances (each normalized to the re-
spective line characteristic admittance) represent the slot
self-admittance looking toward the coupled and feed lines
respectively. Assuming all ports are matched, the normal-
ized admittance seen by the ideal transformer on the feed
line side is

Y, =n*(¥,+0.5) (A1)
where the turns ratio of the transformer is
n(‘
n £ ° . (AA2)
ng
The normalized series admittance on the feed line is
Y,=n*(Y,+05)+7,. (A3)
The reflection coefficient is
Z -1 V4 1
- — : (A4)

T Z.+1 Z +2 1+2Y,
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Using (A3) and comparing it with (41), we arrive at the
following results for the parameters of the equivalent
circuit of Fig. 3: ‘

Av
n=—— (AS)
Avs
1 Y
- % A6
2 Zy AU2 (AS)
- (A7)
Zy Av?

where Avg, Av,, Y,,, and Y,, are defined in (6), (40),
(15a), and (15b) respectively.
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